Abstract: A control technique for path following applications of underactuated surface vessels in the presence of constant irrotational ocean currents is revisited and improved. It is shown that in steady state the presented guidance law paired with measurements of the absolute speed and the relative speed of the vessel yields to an estimation of the ocean current. The control strategy is based on a modified two-dimensional Line-of-Sight (LOS) guidance law with integral action and two feedback controllers. The integral effect in the LOS guidance is introduced to counteract slowly varying disturbances like wave drift, wind load and current. In particular the effect of sea current is studied and the chosen integration law is defined to reduce the risk of wind-up effects. Moreover, due to the irrotational nature of the ocean current, only relative velocities are used in the feedback loop. Compared to the approach based on absolute velocities, redefining the vessel model with relative velocities significantly simplifies the control system. Closed loop uniform local exponential stability is achieved for path following of straight-line paths. Finally, simulations are presented to support the theoretical results.
INTRODUCTION
This paper addresses two fundamental problems faced in most of the operations at sea involving underactuated surface vessels: path following of straight lines in the presence of environmental disturbances and ocean current estimation. Path following is a motion control scenario where the ship has to follow a predefined path without any time constraints (Fossen, 2011) . In Papoulias (1991) , Pettersen and Lefeber (2001) , Lapierre et al. (2003) and Fossen et al. (2003) nonlinear control strategies are used to achieve path following of underactuated marine vessels. Among them the Line-of-Sight (LOS) guidance law is a popular choice. However, if not properly accounted, sea currents will have a devastating effect on the controller performance. Therefore, sea current estimation and compensation represent an active topic within the marine control research community. To compensate for the drift, control approaches based on ocean current observers have been introduced for fully actuated as well as underactuated marine vessels in Encarnação et al. (2000) , Bakaric et al. (2004) and Refsnes et al. (2007) . In Antonelli et al. (2003) no estimation of the disturbance is necessary since adaptive LyapunovSupported by the Research Council of Norway through the Strategic University Program on Control, Information and Communication Systems for Environmental and Safety Critical Systems based techniques are used. To add robustness with respect to sea current disturbances, Aguiar and Pascoal (1997) proposed a modification of the LOS guidance based on measurements of the vehicle velocity. Integral action has been added to the LOS guidance law for marine vehicles in Børhaug et al. (2008) and Breivik and Fossen (2009) . The integral term compensates for the drift and removes any dependency upon velocity measurements and current estimators.
This paper aims at improving the integral LOS guidance law developed by Børhaug et al. (2008) . In Børhaug et al. (2008) absolute velocities as well as relative velocities are present in the system dynamics, forcing the introduction of adaptive techniques inside the thrust and steering controllers, thus increasing complexity and weakening stability. However, Fossen (2011) showed that the ship model can be redefined in terms of the relative velocity vector only as long as the unknown ocean current is assumed constant and irrotational. Compared to Børhaug et al. (2008) , it is shown in this paper that using the model with relative velocity leads to a simpler control system and adaption laws are no longer required. Therefore, the stronger stability properties of uniform global asymptotic stability (UGAS) and uniform local exponential stability (ULES) are achieved. Furthermore, it is shown that in steady state it is possible to estimate the unknown current by using the integral term of the LOS guidance law as well as measurements of the absolute and relative speeds of the vessel.
The paper is organized as follows: Section 2 presents the model of the surface vessel and defines the control problem while Section 3 presents the control system that solves the path following task. The stability of the closed loop system is analyzed in Section 4 and the current estimator is described in Section 5. Simulation results are given in Section 6 and conclusions are given in Section 7.
VESSEL MODEL AND CONTROL PROBLEM

Model Assumptions
Assumption 1. The motion of the ship is described in 3 degrees of freedom (DOF), that is surge, sway and yaw. Assumption 2. The ship is port-starboard symmetric. Assumption 3. The body-fixed coordinate frame b is considered located in a point (x * g , 0) from the vehicle's center of gravity (CG) along the center-line of the ship, where x * g is to be defined later. Remark 1. The body-fixed coordinate system can always be translated to the required location x * g (Fossen, 2011) . Assumption 4. Damping is considered linear. Remark 2. Nonlinear damping is not considered in order to reduce the complexity of the controllers. However, the passive nature of the non-linear hydrodynamic damping forces should enhance the directional stability of the ship. Assumption 5. The ocean current in the inertial frame
T is constant, irrotational and bounded. Hence there exists a constant V max > 0 such that V max > V 2 x + V 2 y .
The Vessel Model
The state of the surface vessel is given by the vector p [x, y, ψ] T and describes the position and the orientation of the vehicle with respect to the inertial frame i. In particular, ψ is the vessel yaw angle. The vector ν [u, v, r] T contains the linear and angular velocities of the ship defined in the body-fixed frame b, where u is the surge velocity, v is the sway velocity and r is the yaw rate. The ocean current velocity in the body frame b,
T where R(ψ) is the rotation matrix from b to i. R(ψ) is defined in (1) using the xyz convention (Fossen, 2011) . According to Assumption 5 the ocean current is constant and irrotational in i, i. In navigation problems involving ocean currents it is useful to introduce the relative velocity:
T . The vector ν r is defined in b, where u r is the relative surge velocity and v r is the relative sway velocity.
The surface vessels described by the following 3-DOF manoeuvring model are considered (Fossen, 2011) 
The vector f [T u , T r ] T is the control input vector, containing the surge thrust T u and the rudder angle T r . Notice that the model (3) is underactuated in its configuration space. The matrix M = M T > 0 is the mass and inertia matrix, and includes hydrodynamic added mass. The matrix C is the Coriolis and centripetal matrix, D > 0 is the hydrodynamic damping matrix and B ∈ R 3×2 is the actuator configuration matrix. For manoeuvring control purposes, the matrices M , D and B can be considered as having the following structure:
The Coriolis and centripetal matrix C is obtained from M as described in Fossen (2011) . The particular structure of M and D is justified by Assumptions 1-4. The actuator configuration matrix B has full column rank and maps the control inputs T u and T r into forces and moments acting on the vessel. Finally, x * g from Assumption 3 is chosen so that
exists for all port-starboard symmetric ships (Børhaug et al., 2008) . Remark 3. It is shown in Fossen (2011) that since the ocean current is constant and irrotational in i, the ship can be described by the 3-DOF maneuvering model (2-3). Remark 4. The model used in Børhaug et al. (2008) contains both the velocity vector ν as well as the relative velocity vector ν r . This complicates the controller design and weakens the cascade configuration. The model (2-3) from Fossen (2011) overcomes the problem and is suitable for several control design purposes.
The Model in Component Form
To solve nonlinear underactuated control design problems it is convenient to expand (2-3) into:
(6e) The expressions for F ur (v r , r), X(u r ), Y (u r ) and F r are given in Appendix A. Notice that the functions Y (u r ) and X(u r ) are bounded for bounded arguments. The following assumption is introduced:
Remark 5. Assumption 6 is justified by the following contradiction: Y (u r ) ≥ 0 would imply an undamped or nominally unstable ship in sway which is not the case for commercial ships by design.
The Control Objective
This subsection formalizes the control problem solved in this paper: the control system should make the vessel follow a given straight line P and maintain a desired constant surge relative velocity U rd > 0 in the presence of unknown and slowly varying (assumed to be constant in this context) ocean currents. To simplify the control problem without any loss of generality, the inertial reference frame i is placed such that its x-axis is aligned with the desired path, giving P {(x, y) ∈ R 2 : y = 0}. The vessel's y coordinate then corresponds to the crosstrack error and the objectives the control system should pursue can be formalized as follows: lim t→∞ y(t) = 0,
where ψ ss is constant. The yaw angle ψ(t) is not required to converge to zero but rather to a steady-state constant value, allowing the vehicle to hold a non-zero yaw angle at equilibrium and thus counteract the effect of the ocean current. This is necessary since the vehicle is underactuated, and no control force is available in sway to compensate for the drift. The value of the constant ψ ss will be specified later. In Børhaug et al. (2008) the vessel is required to follow P with a constant total speed U d > 0. In this paper the ship is required to hold a constant surge relative velocity U rd as stated in (9). Therefore the path following speed is unconstrained and unknown. This is not ideal for speed profile planning/tracking scenarios. However, controlling the relative velocity of the vessel gives direct control over the energy consumption, as hydrodynamic damping depends on ν r , and any lift forces due to transom stern effects. Finally, the following assumption allows the vessel to achieve path following for sea currents acting in any directions of the plane: Assumption 7. The propulsion system is rated with power and thrust capacity such that U rd satisfies U rd > V max . Remark 6. For most surface vessels Assumption 7 is easy to meet since their propulsion systems are designed to give much more than 5 [m/s] of relative speed U rd . The ocean current has usually an intensity of less than 1 [m/s].
CONTROL SYSTEM
The control system that solves the path following task defined in Section 2 is presented. First the LOS guidance is introduced, and then the surge and yaw controllers are added in a cascaded configuration.
The Path Following Control Strategy
The surface vessel has to converge and follow the x-axis, therefore according to the integral LOS guidance method introduced in Børhaug et al. (2008) the desired heading angle is:
where ∆ is the look-ahead distance and σ > 0 is the integral gain. Both are constant design parameters. The integral effect becomes significant when disturbances push the craft away from its path. This gives a nonzero angle (10a) and allows the vessel to side-slip while staying on the desired path, so part of its relative forward velocity can thus counteract the effect of the ocean current as shown in Figure 1 . The law (10b) gives less integral action when the vehicle is far from P, reducing the risk of windup effects. This paper, motivated by the work done in Børhaug et al. (2008) , shows how the performance and stability properties of (10) can be significantly improved by using the model (2-3).
Surge and Yaw Controllers
According to (9), u r (t) should follow the desired value u rd (t) U rd > 0. Therefore, to track u rd (t) the following controller is used:
The gain k ur > 0 is constant. The controller (11) is a feedback linearizing P-controller and guarantees exponential tracking of u rd (t). Part of the damping is not canceled in order to guarantee some robustness with respect to model uncertainties. The following controller can be used to track the desired yaw angle ψ d ψ ILOS :
where k ψ , k r > 0 are constant gains. The controller (12) is a feedback linearizing PD controller and makes sure that ψ and r exponentially track ψ d andψ d respectively.
STABILITY OF THE CLOSED LOOP SYSTEM
This section presents the conditions under which the proposed control system achieves the objectives (7-9). The notation X
Given an underactuated surface vessel described by the dynamical system (6). If Assumptions 5-7 hold and if the look-ahead distance ∆ and the integral gain σ satisfy the conditions
then the controllers (11) and (12), where ψ d is given by (10) and u rd U rd , guarantee achievement of the control objectives (7-9). The control objective (8) is fulfilled with
Proof. The actuated dynamics (6c) and (6e) of the ship in closed loop configuration with the controllers (11) and (12) are considered first. Given the vector ζ [ũ r ,ψ,ψ] T whereũ r u r − U rd ,ψ r ψ − ψ d andψ r ψ −ψ d , the dynamics of ζ are obtained by combining the system equations (6b), (6c) and (6e) with the control laws (11) and (12) 
The system (15) is linear and time-invariant. Furthermore, since the gains k ur , k ψ , k r and the term d 11 /m 11 are all strictly positive, the system matrix Σ is Hurwitz and the origin ζ = 0 of is UGES. Therefore the control goal (9) is achieved exponentially in any ball of initial conditions.
The dynamics of the cross track error y and the relative sway velocity v r are analyzed next. The y − v r subsystem is obtained combining (6a), (6d) and (10b):
The equilibrium point of the system (16-18) is given by:
A new set of variables is introduced to move the equilibrium point to the origin: e 1 y int −y eq int and e 2 y+σe 1 . Substituting (10a) for ψ d and factorizing the result with respect to ζ leads (16-18) to the following expression of the interconnected dynamics: 
and
Note that the following bound holds for f (e 2 ):
The expressions of the vectors h y and h vr are given in Appendix A. Notice that the system (20) is a cascaded system, where the linear UGES system (20b) perturbs the dynamics (20a) through the interconnection matrix H. To analyze the stability properties of the cascade (20) consider the nominal system: 
The notationē 1 e 1 / (e 2 + σy eq int ) 2 + ∆ 2 andē 2 e 2 / (e 2 + σy eq int ) 2 + ∆ 2 together with Assumptions 5-6 and (24) yields the following bound forV :
where 0 < η < 1, β U rd − V max − σ and α is given by the expression:
The parameter µ is chosen as:
If both W 1 and W 2 are definite positive thenV is negative definite. Positive definiteness of W 1 is ensured if (32) and (33) are satisfied:
Notice that condition (32) is met as long as (13) holds. It is straightforward to show that η ≥ 1/5 is a sufficient condition for µ, defined in (31), to satisfy (33). Therefore, without any loss of generality, η is set to 1/5.
To guarantee positive definiteness of W 2 , β and α must fulfill β > 0 and α > 1. Assumption 7 and (14) make sure that β > 0 while it is easy to check that conditions (13) and (14) imply α > 1. Furthermore, α > 1 guarantees µ > 0 and ensures positive definiteness of V . Therefore under the conditions stated in Theorem 1, V , W 1 and W 2 are positive definite and hence, following standard Lyapunov arguments, the nominal system (25) is UGAS. Furthermore, the inequality W W 1 + W 2 ≥λ 1 |ē 1 | 2 +λ 2 |ē 2 | 2 + λ 3 |v r | 2 holds in a neighborhood of the origin for some constantsλ 1 ,λ 2 , λ 3 > 0 and thus in any ball B r {|e 2 | ≤ r}, r > 0 the function W can be estimated as
This, together with the fact that V is a quadratic function of e 1 , e 2 and v r , concludes that (25) is also uniformly exponentially stable, ULES.
The perturbing system (20b) is UGES and the interconnection matrix H can be shown to satisfy H ≤ θ 1 ( ζ )(|y| + |y int | + |v r |) + θ 2 ( ζ ), where θ 1 (·) and θ 2 (·) are some continuous non-negative functions. Therefore, applying Lemma 8 from Panteley et al. (1998) concludes that under the conditions of Theorem 1 the origin (e 1 , e 2 , v r , ζ) = (0, 0, 0, 0) of the system (20) is UGAS and ULES. Hence, the control objectives (7) and (8) are achieved exponentially with ψ ss = ψ * ss .
2 Remark 7. Notice that σ > 0 in (14) has no positive lower bound compared to Børhaug et al. (2008) . This is due to the fact that in the proof of Theorem 1 the Young's inequality is not used to derive (27) . 
OCEAN CURRENT MEASUREMENT
In this section a short review of the instrumentation required to implement the control system (11-10) is given and it is shown how the ocean current can be estimated in steady state.
Relative velocity sensors as well as absolute position measurements are needed to implement the control system (10-12). Ships are usually equipped with a large variety of position, velocity and attitude sensors in order to reconstruct their state. The estimation of a system state variable is often the result of a certain sensor fusion algorithm (Fossen, 2011) . For instance, to estimate the absolute position/velocity of the vessel, data from an Inertial Measurement Unit (IMU) and a GPS receiver can be combined to compensate for the drift affecting the IMU. When operating in shallow waters, the absolute velocity of the ship can also be measured using a Doppler Velocity Logs (DVL). The DVL compares the frequencies of a transmitted and received acoustic signal bounced to the sea bottom. To measure the relative velocity the following sensors are available: Acoustic Doppler Current Profilers (ADCP), Pitometer logs and Paddle meters. The ADCP is similar to the DVL: it samples repeatedly the return echo and produces a sea current profile over a range of depths. The Pitometer log compares the dynamic and static pressures of the fluid while the paddle meter measures the spin velocity of a paddle driven by the flow itself. Although relative velocity logs such as ADCPs or Pitometers can suffer from drift effects, they are expected to give more reliable results than GPS based absolute speed measurements. Therefore, having the state of the ship described by the relative velocity ν r increases robustness of the controllers (11-12) with respect to sensor problems and decouples (11-12) from the guidance law (10) where absolute position measurements such as GPS data are required.
In general the relative velocity of the ship in i is defined as
T is the absolute velocity of the ship in i and V c is the ocean current. The steady state condition is reached when the closedloop system (20) has converged to its equilibrium point (Figure 1) . In steady state the ship follows P and the relation between U r (t) and U (t) becomes U rd = U ss − V c . The vectors U ss and U rd are defined as
where U ss = [U ss , 0] T and the constant U ss > 0. From the definition of U r (t) the relation between the intensities U ss and U rd |U rd | is: U rd = (U ss − V x ) 2 + V 2 y . This relation together with the value stored in the integrator at equilibrium y eq int given in (19) yields: If measurements of |U | and |U r | are available and if y int is accessible, then the ocean current V c can be estimated using (36) when the system is in steady state.
SIMULATIONS
In this section results from numerical simulations are presented. The developed control strategy is applied to an underactuated supply vessel. The model of the ship is given in Fredriksen and Pettersen (2004) [13] [14] . To make the internal controllers (11-12) follow the desired references smoothly, they are implemented with the following gains: k ur = 0.1, k ψ = 0.04 and k r = 0.9. The ship is given an initial cross track error of 1000 meters and is initially at rest with the surge axis parallel to the desired path. Figures 2 and 3 show how path following is successfully achieved with a constant side-slip angle ψ ss = ψ * ss ≈ −10.2
• . Figure 4 shows that the unknown current can be estimated using (36). Notice that the signals y int , |U r | and |U | are available on-line. The quantity y int is given in (10b) while |U r | and |U | are simple function of the state variables: |U r | = u 2 r + v 2 r and |U | = ẋ 2 +ẏ 2 .
CONCLUSIONS
In this paper the integral LOS control strategy for underactuated surface vessels developed in Børhaug et al. (2008) has been revisited and improved. In particular, simpler controllers are used and adaption laws are no longer required. Therefore, the stronger stability properties of UGAS and ULES are proved under explicit conditions. Furthermore, it has been shown that in steady state it is possible to use the integral term of the LOS guidance law to estimate the ocean current.
